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Figueroa-O'Farrill, Meessen and Philip showed
that M-theory backgrounds with more than 24
supersymmetries are locally homogeneous. No-
tice that

24 = (3/4) - 32, N =32 =dim 57 10.

This result is obtained from a careful analysis
of the Killing spinor equations of M-theory.
Inspired by this work, we study how many Killing
spinors of a pseudo-Riemannian n-dimensional
manifold (M, g) of signature s implies that M
IS locally homogeneous.

We define a ART'M-valued bilinear form

S®S — AFTM, (s,t) — [s,t],

on the spinor bundle S which associates to a
pair of conformal Killing spinors s,t a confor-
mal Killing polyvector field w = [s,t],. For
k = 1 we obtain conformal Killing vector fields.
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T he main results:

(M, g) pseudo-Riemannian n-manifold of sig-
nature s with a spinor bundle S of rank N.

e M is locally homogeneous if it admits more
than 3N (independent) Killing spinors with
the same Killing number,
unless n =1 (mod 4) and s =3 (mod 4).

e M is locally homogeneous if it admits k+
Killing spinors with Killing number £\ such
that ky + k— > 3N,
unless n=s=3 (mod 4).

e Similarly, a pseudo-Riemannian manifold with
more than 3N conformal Killing spinors is
conformally locally homogeneous.



For definite metrics, the bounds 2N and 3N in
the above results can be relaxed to %N and N,
respectively.

e a pseudo-Riemannnian spin manifold with
more than 3N parallel spinors is flat
and %N parallel spinors suffice if the metric
is definite.

e Similarly, a Riemannnian spin manifold with
more than %N Killing spinors with the Killing
number A € R has constant curvature 4)2.

e For Lorentzian or negative definite metrics
the same is true with the bound ZN.



e A Riemannian spin manifold with %N Killing
spinors with the Killing number A € R\ {0}
can be locally represented in the form

M =1IxM{xM>, g= d82+C052(S>gl+Sin2(8)92,

where (M1, g1) is of constant curvature 1
or of dimension < 1, (M»>,g>) is a seven-
dimensional 3-Sasakian manifold and

I C (0,%) is an intervall,

e Finally, we give a description of (not neces-
sarily complete) Riemannian manifolds ad-
mitting Killing spinors, which provides an
inductive construction of such manifolds.



Conformally Killing polyvectors

Let (M, g) be an n-dimensional pseudo-Riemannian
manifold.

Definition 1 A k-vector field w € T(AFTM) £
C(ART*M) (k> 1) is called Killing if
X Vxw=0, forall X eTM.

It is called conformally Killing if there exists a
(k — 1)-vector field & such that

X Vyw=9g(X, X))o, forall XeTM. (1)



Characterisation of conformally
Killing polyvectors

(i) w € T(A*TM) is Killing if and only if 4w
is a parallel (k— 1)-vector field along ~, for
every geodesic ~:

Vq',(")/_lw) = 0. (2)

(ii) w is conformally Killing if and only if
V;(yaw) = 0, for every null geodesic +.



Killing spinors and conformal
Killing spinors

Definition 2 A spinor field s € I'(S) is called
Killing with Killing number A € R if

Vxs=MAXs, forall X e&TM,

where Xs is the Clifford product of the vector

X and the spinor s.
It is called conformally Killing if there exists a

spinor field s € ' (S) such that

Vys= X5 forall X eTM. (3)



Remarks

1) The last equation implies

1
s = ——Ds, (4)
n

where Ds = 3" g"e;Ve s is the Dirac operator.
In particular, any Killing spinor is an eigen-
spinor for the Dirac operator: Ds = —n\s.

2) The Killing number is related to the scalar
curvature by scal = 4n(n — 1)A\2. Therefore,
the scalar curvature of a pseudo-Riemannian
manifold with Killing spinor is constant and
the Killing numbers of different Killing spinors
on the same manifold coincide up to a sign.
It is well known that a Riemannian manifold
which admits a Killing spinor is Einstein, but
this is no longer true for indefinite pseudo-
Riemannian manifolds,



Endomorphism of S associated
with a polyvector

Let v» 1 Sp — Sp be the Clifford multiplication
with v € T, M.

The linear map v : AFT,M — End (S,), for all
k > 1,is defined by

1

eID DRI CONRTPL

ceBy

where G, is the symmetric group.
For A € AOT,M = R we put v, = \id € End S,.

YoiA--Avg, =



Admissible bilinear forms, their
symmetry and type

Definition 3 A bilinear form h on the spinor
module satisfying

h(s,t) = oh(t,s),
h(vxs,t) = th(t,vxs), (5)

for s,t € S and X € TM, is called admissible of
symmetry o and type t, where o,7 € {—1,+1}.

There always exists a nondegenerate admissi-
ble bilinear form.

An admissible form is invariant under the con-
nected spin group and defines a parallel section
of S*® S*. In the following, h always denote
a parallel nondegenerate section of S* ® S* of
symmetry o and type 7. Notice that

N (k—1)k N
h(vgs,t) = 77(=1) 2 h(s,yet), el (A"TM).
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Bilinear AT M-valued form

We associate with h(s,t) a bilinear AT M-valued
form [s,t], on S defined by

g([s,t]g, €) = h(res,t) V€ € T(AFTM),s,t € T(S).

(6)
(Here g is canonically extended to a nondegen-
erate symmetric bilinear form on the exterior
algebra.) Such brackets occur in the classifi-
cation of polyvector super-Poincaré algebras.
For k = 0 we put [s,t]g = h(s,t).
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Conformal Killing polyvector
associated with conformal
Killing spinors

Theorem 1 Let s, t be conformal Killing
spinors on an n-dimensional pseudo-Riemannian
spin manifold (M, g). Thenw = [s,t]; € T(A*TM)
(k > 1) is a conformal Killing polyvector;

X Vyw=g(X,X)d VX e&TM,
where & € T(A*=1TM) is given by

n® = (=1)*1Ds,t],_1+ 7[s,Dt]p_1. (7)
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Corollary 1 Let s and t be Killing spinors
with Killing numbers A and u, respectively, and
w = [s,t]. Then the following is true.

(i) wis a conformal Killing polyvector with & =
(A(=1)% — pr)[s, tlp_1.

(i) If u = (=1)57\, then w = [s,t];. is a Killing
polyvector.

(iii) If A\ = u = 0 then w is parallel.
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Manifolds with many Killing
SpIiNors

Theorem 2 Let (M,gqg) be a pseudo-Riemannian
spin manifold of dimension n, signature s and
spinor bundle S of rank N.

(i) If (M,qg) admits k > %N conformal Killing
spinors, which are linearly independent at
p € M, then (M,g) admits n conformal
Killing vector fields, which are linearly in-
dependent at p € M.

(ii) Assumethatn %1 (mod 4) orsZ 3 (mod 4).
If (M, g) admits k > %N Killing spinors with
the same Killing number, which are linearly
independent at p € M, then (M,g) admits
n Killing vector fields, which are linearly in-
dependent at p € M.
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(iii) Assume that

n=1 (mod 4) and s =3 (mod 8).

Then S admits a parallel hypercomplex struc-
ture Jq,Jo,J3 = J1Jo € T(End S), which
commutes with Clifford multiplication. Let
I be any complex structure on S which is
a linear combination of J, Jo, J3 with con-
stant coefficients. If (M, g) admits k > %N
solutions s € ' (S) of the equation

Vys=MXIs, forall XeTM, (8)

with the same A € R, which are linearly
independent at p € M, then (M, g) admits
n Killing vector fields, which are linearly
independent at p € M.
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(iv) Assume that

nZ3 (mod4) or sZ3 (mod 4).

If (M,g) admits k4 Killing spinors with the
Killing number X\, which are independent
at p, and k_ Killing spinors with the Killing
number —A\, which are independent at p,
such that k4 + k— > 3N, then it admits n
Killing vector fields, which are independent
at p.

(v) If g is definite, then (i)-(iv) hold under the
weaker assumptions k > %N and
ky + k— > N, respectively.
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Idea of the proof

There exists a parallel nondegenerate bilinear
form h of symmetry o and type = = —1 on
S unless n =1 (mod 4) and s = 3 (mod 4).
(The Pin(n)-invariant scalar product on the
spinor module associated with a positive defi-
nite scalar product, for instance, has = —1.)
For any conformal Killing spinors s, t, the vec-
tor field [s,t]7 is conformal. Moreover, if s, t
are Killing spinors with the same Killing num-
ber and 7 = —1, then [s,t]1 is a Killing vector
field. Therefore, to prove (i) and (ii) it suffices
to show that

M:=1[,]ilsoes, : So® So — TpM  (9)

IS surjective if the subspace Sg C Sp spanned
by the values of the given (conformal) Killing
spinors at p has dimension > %dim Sp.
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Suppose first that g is definite.

Then we have to show that

1 is surjective if dim Sy > %dim Sp Or equiva-
lently,

Bv € Tp,M \ {0} such that

vwSg C Sy (10)

Suppose that there exists v € TpM \ {0} s.t.
(10) holds.

If dim So > 3 dim Sp, then

dim Sg < 4 dim S, < dim Sg

and ker~, = 0.

Since v = —g(v,v)id, this implies g(v,v) = 0
and v = 0. This proves the surjectivity of 1.
If g is indefinite, we can only conclude that v
is a null vector.
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Lemma 1 For any non-zero null vector v
the subspace Ly := keryy, = im~yy C Sp IS h-
isotropic of dimension 5 dim S,. Hence,

rkyy = 3dim Sp .
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Consider the bilinear form 8 = h(yy-,-) on Sp
with rk 8 = rkyy, = 5 dim Sp.

Under the assumption ~,Sg C S&, the matrix
of B with respect to a basis adapted to a de-
composition Sp = Sg @& S71 is given by

0 A
orAt B

1
5dim Sp=rkB<rkA+rk(ocrAl B) <

Therefore,

2dim S; = 2(dim S, — dim Sp),

which implies

3
dim Sp < Zdim Sp.

We get a contradiction which shows that
[1:So®Sqg — TpM is surjective.
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Case when =1

Proposition 1 Let h be a nondegenerate
parallel bilinear form of symmetry o and type
T = 41 on the spinor bundle S of a pseudo-
Riemannian spin manifold (M, g) and denote by
S(\) C I'(S) the vector space of Killing spinors
with a given Killing number X € R\ {0}. Then
the image [S(\),S(\)]1 € T(T'M) consists of
Killing vector fields if and only if Sg := S(\)|p C
Sp is totally isotropic for all p € M with respect
to h. If Sg is maximally isotropic at a point p
then [S()\),S(M\)]1 # 0, hence, (M,g) admits a
Killing vector field, which does not vanish at

D.

21



Remark

One can check that [Sg, Sp]1 is one-dimensional
for any maximally isotropic subspace Sy of the
spinor module Sy 3 = R* of Spin(2,3). For the
spinor module Sy 5 of Spin(4,5) one can con-
struct a maximally isotropic subspace Sy such
that dim[Sp, Spl1 = 4.

These examples show that in general a vector
space of Killing spinors spanning a maximally
isotropic subspace of S, for all p is not suf-
ficient to produce a transitive Lie algebra of
Killing fields.

22



A multiplicative invariant
k(M, \)

Let S(A) = S(M,\) be the vector space of
Killing spinors with Killing number A € R, k :=
dim S(\) and

(M, 2) = % (M) = (M. 0).

Then (M) = 1 if and only if M is flat and
that r(M, ) = IMEQA)

where S is the complex spinor bundle and S(\) =
S(M,\) the vector space of complex Killing

spinors with Killing number .

Proposition 2 Let Ml = My x M, be the
product of two pseudo-Riemannian spin mani-
folds. Then k(M) = k(Mq1)k(M>). In particu-
lar, k(M) = «(My) if and only if M is flat.

Remark: The invariant x(M,\) for X #= 0 is
not multiplicative.
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Manifolds with many parallel
SPIiNOrs

Theorem 3 Let (M,gqg) be a pseudo-Riemannian
spin manifold.

(i) If k(M) > %, then (M, gq) is flat.

(ii) If the metric g is definite and x(M) > %,
then (M, g) is flat. A complete simply con-
nected Riemannian spin manifold (M, g) with
k(M) = % is the product of a flat mani-

fold and a manifold with holonomy group
SU(2).

Theorem 4 Let (M,g) be the Lorentzian
cone over a pseudo-Riemannian manifold (M, g)
of signature (0,n) or (n —1,1). If k(M) > %
then M is flat and M has constant curvature
1.
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Cones M over
pseudo-Riemannian manifolds
M and its spinor structure

Definition 4 Let (M, g) be a pseudo-Riemannian
manifold of signature (p,q). The manifold M =
RT x M endowed with the pseudo-Riemannian
metric § = dr? + r2g of signature (p + 1,q) is
called the cone over (M, g).

Recall that a spin structure on (M, g) is a
Sping(p, g)-equivariant two-fold covering

Psping(p,g) (M) = Pso(p,g) (M)
of the principal bundle of orthonormal frames.

Enlarging the structure groups, we define the
principal bundles Pgyin(p41,9)(M) and

PSOo(p+1,q)(M) over M.
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The inclusion
MZ2 {1} x M C M =RT x M, defines identifi-
cations

Psoo(p+1,9) (M) = Psog(p+1,9) (M

PSOo(p-H,q)(M) = 7" (P50g(p+1,9) (M)
where 7 : M — M is the projection.

We can extend the spinor structure of M to a

~~

spinor structure on M using:
PSpino(p-H,q)(M) = 7T*PSloino(p+l,q)(M) —

— 7T*PSOo(p-I-l,q)(M) - PSOo(p+1,q)(M)'
Here

©: PSDino(p-l-l,q)(M) — PSOo(p—I-l,q)(M)
is the natural extension of the covering

PSDino(p,q)(M) - PSOo(p,q)(M)'
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Relation between spinor
bundles of M and the cone M

Lemma 2 Let (M,g) be the cone over a spin
manifold (M, g) of signature (p,q).

(i) Ifs=p—q=0,2,4,5 or 6 (mod 8), then
Sy &S,

(ii) Ifs=p—q=1,3 or 7 (mod 8), then

Sty =S

(i) If n = dim M = p + q is even,
Sla 2 S.

where S is the complex spinor bundles.

(iv) If n is odd, then S¥*|; £ S.
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Relation between Killing spinors
of M and parallel spinors of the

cone M

Theorem 5 (Ch. Bar)
i) The restriction T'(5) 3 s — s|y; € [(S) de-
fines isomorphisms
5(0) — S (l) ~ g (—l> |
2 2
ifs=p—q=0,2,4,5 or 6 (mod 8) and

5£0) — S (i%) |

for some e € {1,—-1}, ifs=p—qgq=1,3 or7
(mod 8).
ii) The restriction T(S) 2 s — s|yy € T(S) de-
fines isomorphisms
S(O) — S <l> =S (—l) :
2 2
ifn=dimM is even and

Si(O) — S (i%) :
for some e € {1,—1}, if n is odd.
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Riemannian manifolds, whose
cone has parallel spinors

Theorem 6 Let (M,gqg) be asimply connected
Riemannian spin manifold and one of the con-

ditions holds:

a) (M, qg) is complete and not of constant cur-
vature 1.

b) The holonomy algebra of M is different
from so(n), where n = dim M.

Then the holonomy algebra by of the cone (M, §)
is irreducible. The cone admits a parallel spinor
iffh = su(m) (m >3,k =2), sp(m) (m> 2,k =
m-+ 1), spin(7) (k = 1) or go (k = 1) where
k in brackets indicates the number of parallel

complex spinors.
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Recall that according to Ch. Bar the holon-
omy algebra § of the cone (I, §) over a simply
connected Riemannian manifold (M, g) belongs
to the list of irreducible linear Lie algebras de-
scribed in above Theorem :

su(m), (m 2> 3), sp(m), (m = 2), spin(7), g2

iff (M, g) is Einstein-Sasaki, 3-Sasakian, strictly
nearly parallel G, or strictly nearly Kahler, re-
spectively. We will call these geometric struc-
tures on (M, g) Bar geometries.
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Estimation of (U, \)

Theorem 7 Let (M,g) be a Riemannian spin
manifold which is not of constant positive cur-
vature 4)\2.

(i) Then k(M,)) < 3.

(i) If k(U,\) = 3 for small neighborhood U C
M of any point p. Then either
(M, g) is locally isometric to seven-dimensional
3-Sasakian manifold or
there exists a dense open subset M' C M
such that every point of M’ has a neighbor-
hood isometric to a Riemannian manifold
of the form

(I x My x Mo, ds® 4+ cos?(s)g1 + sin®(s)go),

where (Mq,qg1) is of constant curvature 1
or of dimension < 1 and (M», g>) is a seven-
dimensional 3-Sasakian manifold.
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Structure of a Riemannian spin
manifold with parallel spinor

Theorem 8 Let (M,g) be an n-dimensional
Riemannian spin manifold which admits a non-
trivial parallel spinor.

Then either (M, g)

is locally a product M = Mg X Mq X --- X My of
a flat Riemannian manifold Mg with an arbi-
trary number of Riemannian manifolds M; with
irreducible holonomy group from the following
list: SU(m), Sp(m), Spin(7) or Go.
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Inductive construction of
manifolds with Killing spinor

Theorem 9 Let (M,g) be an n-dimensional
Riemannian spin manifold which admits a non-
trivial Killing spinor with Killing constant A\ €
R\ {0}. Then (M,g) has holonomy b = so(n).
Moreover, if the cone M is locally irreducible,
then (M, gqg) carries locally one of the Bar ge-
ometries and if M is locally reducible, then,
on a dense open subset, (M,qg) can be locally
represented in the form

M = IxMixM>, g=ds?°4+cos?(s)gi+sin®(s)go,
(11)

where I C (0,Z) is an intervall and (Mji,g1)

and (M», g>) are Riemannian manifolds which

either admit a nontrivial Killing spinor with

Killing constant =X or which are of dimension

< 1.
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Pseudo-Riemannian manifolds
with Lorentzian cone, which
admit many Killing spinors

Theorem 10 Let (M,qg) be spin with ei-
ther a negative definite metric or a metric of
Lorentzian signature (+,...,4+,—). If (M,g) is
not of positive constant curvature 4>\2, then
k(M,\) < 5.

Remark that a pseudo-Riemannian manifold
(M, g) of dimension n which admits a Killing
spinor with (real) Killing number XA € R\{0} has
positive scalar curvature s = 4n(n — 1)A2. If g
IS negative definite of scalar curvature s > O,
then the Riemannian metric —g has negative
scalar curvature —s. This allows to treat also
Riemannian manifolds with negative scalar cur-
vature.
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