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The orbit space of a cohomogeneity one action
» M connected complete Riemannian manifold
I(M) isometry group of M

» H C /(M) connected closed subgroup acting on M with
cohomogeneity one

» M/H={H-p|pe M} orbit space

M/H = R, S, [0,00) or [0,1]

» M/H=R,S?!

= orbits form a Riemannian foliation on M
> M/H = [0,00),[0,1]

boundary point «— singular orbit

interior point «— principal orbit



Some general results

» 11(M) finite = M/H % S1



Some general results

> m1(M) finite = M/H 2 S*
» m(M) =0, M compact = M/H = [0, 1]



Some general results

> m1(M) finite = M/H 2 S*
» m(M) =0, M compact = M/H = [0, 1]
» m(M) =0, sectyy <0= M/H =R or [0,00)
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Cohomogeneity one method

» M connected compact smooth manifold
» G compact Lie group acting on M with cohomogeneity one
» Assume M/G = [0,1], My, My singular orbits
» M= M\ (MyU M) = union of principal orbits
M (0,1) x P with P a principal orbit

g=dt>+g on M
g: one-parameter family of G-invariant metrics on P
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» metrics of holonomy Gy or Spin; (Gibbons, Pope, ...)

» hyperkahler and quaternionic Kahler structures (Dancer,
Swann, ...)

» Einstein, Einstein-Kahler and Einstein-Weyl structures
(Berard-Bergery, Bonneau, Dancer, Wang...)

» metrics with positive or nonnegative Ricci or sectional
curvature (Grove, Wilking, Ziller, ...)

» harmonic maps, Yang-Mills equations (Urakawa, ...)
» special Lagrangian submanifolds (Joyce, Min-Oo, ...)
» differential topology (Atiyah, Berndt, ...)
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Spheres

Hsiang-Lawson 1971: Every cohomogeneity one action on a
sphere is orbit equivalent to the isotropy representation of a
semisimple Riemannian symmetric space of rank 2

compact simple Riemannian symmetric spaces of rank 2:

SU3/SO5 , SUs , SUs/Sps , Es/Fa
Spo, SO10/Us , Eg/SpinioUs
50,12/50,50; , SUny2/S(Unl-2) , Spni2/SpnSp2
G2/SOs , G
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Noncompact symmetric spaces

» M = G/K connected irreducible Riemannian symmetric space
of noncompact type
G noncompact semisimple real Lie group
K maximal compact subgroup of G
o€ Mwith K-o=o0

» H connected closed subgroup of G acting on M with
cohomogeneity one

» L connected proper maximal subgroup of G with H C L

» g, & b, [ corresponding Lie algebras

Mostow 1961: [ js reductive or parabolic
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The reductive case (1)

Karpelevich 1953: L has a totally geodesic orbit S ; M

= H has a totally geodesic orbit S

S reflective

)

geodesic reflection of M in § is an isometry

)

3 totally geodesic submanifold St of M
with 0 € St and T,8+ = v, S

Leung 1979: Classification of reflective submanifolds in irreducible
simply connected Riemannian symmetric spaces
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The reductive case (Il)

Berndt-Tamaru 2004: S is a totally geodesic singular orbit of a

cohomogeneity one action on M <—

» S reflective and rankS*+ =1, or

» S is one of the following totally geodesic non-reflective

submanifolds:

B | M | dimS | dim M |
CH? G2/S0, 4 8
SL3(R)/SOs | G2/50, 5 8
G2/S0,4 50%,/505504 | 8 12
SL3(C)/SUs GéC/Gz 8 14
GS /Gy SO% /S0, 14 21
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> restricted root space decomposition

g=200® (@ ga>
acx
» A set of simple roots for
> & subset of A, X¢ = X Nspan{d}
> [d) =9go @ <®a62¢. ga) , Np = ®a62+\2$ Yo
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> qo = lp @ ne parabolic subalgebra; [qe, ne] C no
(Chevalley decomposition)

» Every parabolic subalgebra of g is conjugate to q¢ for some
subset & C A
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>

ap = Naecokera , me = lp O ag

me reductive subalgebra, a¢ abelian subalgebra

qo = Mg @ aep @ ne (Langlands decomposition)

[de, 0 ® o] C aep @ ne

to =tNgeo =tNme

[to, me] C Mo, [to, ae] = {0}, [te,ne] C no

Fg = Mg - o semisimple symmetric space with rank equal to

|®|, totally geodesic in M, boundary component of M w.r.t.
maximal Satake compactification

» Ag - 0 = E"I®l Euclidean space, totally geodesic in M

> Lo-0o=Fp =Fg5 x E"~1®l totally geodesic in M

v

M = F3 x E"~I®l x Ng (horospherical decomposition)
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The boundary components
» A= {a1,...,a,}, {H', ..., H"} dual basis of A in a
> H® =Y cnoH €aCp=T,M
» +® geodesic in M tangent to H®
» Fo = {p € M| p lies on geodesic parallel to v*}
> Fg = semisimple part of Fg
» E~1®l = Euclidean part of Fo
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Construction Method I: v,(H - 0) C mg, ® # 0
> Hg C I°(F3) C Mo acting on F3 with cohomogeneity one
> b = b3 @ ae @ ne subalgebra of qo
H acts on M with cohomogeneity one

Rank reduction - Such a cohomogeneity one action can be
constructed by a CANONICAL EXTENSION OF A
COHOMOGENEITY ONE ACTION ON A BOUNDARY COMPONENT
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Construction Method Il: v,(H - 0) C ae

> & =(): qo = £y @ a ® n minimal parabolic subalgebra
» M = AN solvable Lie group with left-invariant metric
» ¢ C a one-dimensional linear subspace

» 5y = (a & () @ n subalgebra of a®n

S¢ acts on M with cohomogeneity one

Construction method Il produces abelian extensions of horocycle
foliations on M and includes all HOROSPHERE FOLIATIONS on M



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H',... H"} dual basis of Ain a



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera

v — .
> ny = @aeﬁ\zj,a(m):y 9o



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera
> 0y = @agﬁ\i* a(Hi)=v Ba

> nj= @V>0 H gradation generated by n



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera

> nj = @aez+\z+ a(H)=v Ba

> 1 = @, oY gradation generated by nj

Assume that



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &, = A\ {oj}: Put g = do;, Nj = ne,, etcetera
> njl'/ = @aGZ*\Z}r,a(Hf):V Ya
> n; =P, n} gradation generated by n}
Assume that

> v C n}; define nj, = n; O v subalgebra of n;



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera
> njl'/ = @aGZ*\Z}r,a(Hf):V Ya
> n; =P, n} gradation generated by n}
Assume that
> v C n}; define nj, = n; O v subalgebra of n;
> ij(nj,n) = GNZ(U) acts transitively on F; = F7 x E



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a
> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera
> nj = @aeﬁ\zj,a(m):y 9o
> n; =P, n} gradation generated by n}
Assume that
> v C n}; define nj, = n; O v subalgebra of n;
> ij(nj,n) = GNZ(U) acts transitively on F; = F7 x E

> ijmK(n) acts transitively on the unit sphere in v if dimo > 2



Construction Method Ill: v,(H - 0) C ne

» A={a1,...,a,}, {H', ..., H"} dual basis of A in a

> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera

> njl'/ = @aGZ*\Z}r,a(Hf):V Ya

> n; =P, n} gradation generated by n}
Assume that

> v C n}; define nj, = n; O v subalgebra of n;

> ij(nj,n) = GNZ(U) acts transitively on F; = F7 x E

> ijmK(n) acts transitively on the unit sphere in v if dimo > 2
Then

H;

)

0 = ij(nj,n)Nj,n acts on M with cohomogeneity one
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> &; = A\ {a;}: Put q; = qo;, nj = noe,, etcetera

> njl'/ = @aGZ*\Z}r,a(Hf):V Ya

> n; =P, n} gradation generated by n}
Assume that

> v C n}; define nj, = n; O v subalgebra of n;

> ij(nj,n) = GNZ(U) acts transitively on F; = F7 x E

> ijmK(U) acts transitively on the unit sphere in v if dimo > 2
Then

Hj.o = N{ (0j,0)Nj» acts on M with cohomogeneity one

Remark: dimv = 1 corresponds to foliation
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Construction Method Il - rank M =1

M |6 K [k EAE
RH" [ S0%, | SO, SOp_1 R™T [RA-1
CH" | SUs, | U, Un_1 crlcrlgR
HH" | Sp1n | Sp1Spn | Sp1Spn—1 | H™! | H" ! @ R®
QH? | F;?° | Sping | Spiny 0) 0O9R’

> A={a},d=0lo =go=F Da, ne=n=go® g2a
> go = go ®n = o @ a ®n minimal parabolic subalgebra

PROBLEM: Find all k-dimensional (k > 2) linear subspaces v of g,
for which there exists a subgroup of Ky acting transitively on the
unit sphere in v
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Construction Method Il - rank M =1

M |6 K [K [ 8o [
RH" | SOz, | SO, SOn_1 R"-T [ RrT
CH" | SU1n | U, Up_1 crt|icrlaR
HH" | Sp1,n | Sp1Spn | SP1Spn—1 | H™ | H" 1 @ R3
OH? | F; % | Sping | Spins 0) 0@ R’

Berndt-Tamaru 2007:

» R: any linear subspace v ¢ R"!

» C: any linear subspace v € C"~! with constant Kihler angle

» O: any linear subspace v C O of dimension k € {2,3,4,6,7}



Construction Method Il - rank M =1

M |6 K [K [ 8o [
RH" | SOz, | SO, SOn_1 R"-T [ RrT
CH" | SU1n | U, Up_1 crt|icrlaR
HH" | Sp1,n | Sp1Spn | SP1Spn—1 | H™ | H" 1 @ R3
OH? | F; % | Sping | Spins 0) 0@ R’

Berndt-Tamaru 2007:
» R: any linear subspace v ¢ R"!
» C: any linear subspace v € C"~! with constant Kihler angle
» O: any linear subspace v C O of dimension k € {2,3,4,6,7}

» H: some linear subspaces b C H"~! with constant
quaternionic Kahler angle (no complete classification)
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The Classification

Berndt-Tamaru 2008: Let M be a connected irreducible
Riemannian symmetric space of noncompact type. Then every
cohomogeneity one action on M either has a totally geodesic
singular orbit, or it is orbit equivalent to a cohomogeneity one
action obtained by construction method I, 11 or IlI.
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Cohomogeneity one actions on SL3(R)/SO; (1)

» The boundary components of SL3(R)/SO; are
Ff =~ F5 ~ RH?
» There are three types of cohomogeneity one actions on
RH? = SL5(R)/SO>. Write SLy(R) = KAN.
» K = 50,: the canonical extension is a cohomogeneity one
action with a minimal RH2 as a singular orbit
» N: the canonical extension leads to a horosphere foliation
(with a singular point at infinity)
» A: the canonical extension leads to a foliation with a minimal
homogeneous hypersurface P as a leaf, where P is the
canonical extension of a geodesic in RH?

» RH? x E = F; = F, is the only reflective submanifold S in
SL3(R)/SO3 for which S* has rank one
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Theorem: Every cohomogeneity one action on SL3(R)/SO3 has
one of the following orbit structures:
> the reflective submanifold RH? x E and the tubes around it
» an abelian extension of a horocycle foliation
» the foliation given by the canonical extension of a geodesic in
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Cohomogeneity one actions on SL3(R)/SO; (1)

Theorem: Every cohomogeneity one action on SL3(R)/SO3 has
one of the following orbit structures:

>

>

>

the reflective submanifold RH? x E and the tubes around it
an abelian extension of a horocycle foliation

the foliation given by the canonical extension of a geodesic in
RH? to a minimal homogeneous hypersurface, and its
equidistant hypersurfaces

the minimal RH3 and the tubes around it
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The case of regular foliations
» Mg = set of all homogeneous codimension one foliations on
M up to isometric congruence
» r = rank of M
» Aut(DD) € {l,Z,,53} automorphism group of the Dynkin
diagram associated to M

Berndt-Tamaru 2003: | Mg = (RPT1U{1,...,r})/Aut(DD)
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The two foliations on hyperbolic spaces

» horosphere foliation
» foliation with exactly one minimal leaf S
» M =RH": S =RH"! totally geodesic
» M = CH": S = ruled real hypersurface associated to a
horocycle in a totally geodesic RH? ¢ CH"
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Duality and triality

M depends only on the rank and on possible duality or
triality principles on the symmetric space

Example: r =8, Aut(DD) = |

Me=RP'U{L,...,8}

for the following symmetric spaces:
S017/5017 , Sps /Us , Sps /Sps » SOt/ Ute , SO17/Unr

EE/SOw , ES/Es

and for the hyperbolic Grassmannians

Gg(R™19) (n>1) , G5(C™'°) (n>0), Gg(H"') (n>0)
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Geometry of the foliations

v

¢ € RP™! ««s horosphere foliation F;, on M

all leaves of Fy are congruent to each other

v

v

if r > 2 then some foliations F; are harmonic (i.e. all leaves
are minimal) and hence induce a harmonic map M — R

v

i€{l,...,r} e~ aj € N\ «~ foliation Fj on M

JF; contains exactly one minimal leaf

v
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Geometry of the foliations

» ¢ € RP™1 ««s horosphere foliation F;, on M

> all leaves of F; are congruent to each other

» if r > 2 then some foliations F; are harmonic (i.e. all leaves
are minimal) and hence induce a harmonic map M — R

> ie{l,...,r} e aj € \ «~ foliation F;j on M

» F; contains exactly one minimal leaf

> |aj| = |oj| = Fi, Fj have the same principal curvatures with

the same multiplicities

Corollary: If r > 3, then there exist noncongruent homogeneous
isoparametric systems on M with the same spectral data for the
second fundamental form



Example

X11 X12  X13  X14
0 x2 xa3 x4
0 0 X33 X34
0 0 0 X44

M = SLy(R)/SO4 =

xj € R, X11x00x33%44 = 1



Example

X11 X12 X13  X14

0
mosurso | o F D
0 0 0 X44

Xijj € R, x11x00x33X24 = 1

DD = o——o—o0
ai a2 a3



Example

X11 X12 X13 X14

0 X x3 X2
M = SL4(R)/SO4 =
+(R)/504 0 0 X33 X34
0 O 0 X44
xj € R, X11x00x33%44 = 1
DD = o—o—o0
aq (0% as
x1 0 x13 xus X11 X12 X13  X14
N 0 xx2 x23 X4 N 0 x2 0 x4
fl’\‘ 0 0 7f2’\’
X33 X34 0 0 x33 x34
0 0 0 X44 0 0 0 X44



