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Isolated systems in GR

The Einstein equations of General Relativity

Rαβ − 1
2

Rgαβ = 8πGTαβ

relate the Lorentzian geometry of spacetime (M,gαβ) to matter
fields with energy-momentum tensor Tαβ.

Isolated systems in GR give an idealized picture of eg. stars,
galaxies, clusters.
Steady states are described by geometries which admit an
(asymptotically) timelike Killing field, these are stationary
spacetimes
If there is a trapped region which is invisible to observers at infinity,
the spacetime contains a black hole

The Schwarzschild and Kerr spacetimes are examples of black
hole spacetimes. The Schwarzschild spacetime is in addition
spherically symmetric and static, while Kerr is axially symmetric.
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Black hole stability

An isolated system in GR is (expected to be) asymptotically
stationary

The Kerr solution is (expected to be) the unique stationary,
asymptotically flat, vacuum spacetime.
Kerr describes a rotating black hole

parameters a,M, 0 ≤ a ≤ M. a ↔ angular momentum per unit
mass, setting a = 0 gives Schwarzschild
stationary (∂t Killing)
axisymmetric (∂φ Killing)

Stability of Kerr is one of the main open mathematical problems
concerning the Einstein equations.

A toy problem, is to understand the scalar wave equation on Kerr.
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Schwarzschild

gαβdxαdxβ = −fdt2 + f−1dr2 + r2hS2 , f = 1 − 2M
r

III

III

IV

Singularity: r = 0

I

r = 3M

Maximally extended Schwarzschild
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Schwarzschild

For Schwarzschild, decay estimates are known for scalar waves
(Blue & Sterbenz, 2006; Dafermos & Rodnianski, 2005b) and
Maxwell (Blue, 2008). See also eg. (Finster, Kamran, Smoller, &
Yau, 2006) for an independent approach to wave equations on
Schwarzschild and Kerr.

Vector fields method: make use of momenta Pα(u,X ) and
deformation terms TαβDαXβ for cleverly chosen vector fields X
(including Morawetz trapping A = F∂r and conformal
K = u2

+∂+ + u2
−∂−) — need lots of symmetries

The proofs makes use of properties of the photon sphere in
Schwarzschild (codimension one), and the spherical symmetry of
the spacetime.

Get decay |u| . 1/t in stationary regions
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Kerr

∆ = r2 − 2Mr + a2,

Σ = r2 + a2 cos2 θ,

Π = (r2 + a2)2 − ∆a2 sin2 θ

and let r± denote the roots of ∆,

r± = M2 ±
√

M2 − a2

On the exterior region r ≥ r+, the Kerr metric can be written (Boyer &
Lindquist, 1967)

gµνdxµdxν = −
(

1 − 2Mr
Σ

)
dt2 − 4Mra sin2 θ

Σ
dtdφ+

Σ

∆
dr2 + Σdθ2

+
Π sin2 θ

Σ
dφ2
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Kerr

Maximally extended Kerr
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Kerr

Kerr has a complicated photon sphere, and is only axi-symmetric

Kerr has an ergoregion outside the horizon, where ∂t is spacelike
⇒ there is no positive definite conserved energy.

Kerr has a hidden symmetry related to the Carter constant – the
geodesic equation on Kerr is separable

Recent work using Fourier techniques provides decay estimates
(Tataru & Tohaneanu, 2008; Dafermos & Rodnianski, 2008)

Results presented here make use of “physical space” techniques
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Main result

We can summarize the main result being presented here as follows.

Theorem (Andersson & Blue, 2009)

Let u solve �gu = 0 on the exterior region {r ≥ r+} of the Kerr black
hole spacetime, with inital data [u0] at t0. There is an a0 > 0 such that
for a ∈ [0,a0]

1 there is a norm ||[u0]||E on initial data and a constant cE such that
for all t , the energy bound

||u(t)||H1 + ||u̇(t)||L2 ≤ cE ||[u0]||E
holds on {r ≥ r+},

2 there is a norm ||[u0]||B on initial data and constants cB, cK such
that for all t , the decay estimate

||u(t)||L∞ ;loc ≤ cB(1 + |t |)−1+cK a||[u0]||B .
holds on {r ≥ r+}.
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Main result

Remark
1 This result corresponds to the decay results for waves in

Schwarzschild, with a loss linear in a.
2 More detailed analysis shows that we have decay at the horizon

r = r+ and at I as in Schwarzschild, with a loss as above.
3 For the spherically symmetric case, one has 1/t3 decay, cf.

(Dafermos & Rodnianski, 2005a) — expect analogous result to
hold on Kerr.
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Main difficulties

Ergoregion ⇒ no globally timelike Killing field ⇒ no positive definite
conserved energy

K2 K1 0 1 2

K2

K1

0

1

2

Solution: use timelike approximate Killing field
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Main difficulties

Photon sphere ⇒ trapping for null geodesics and waves

r
ph
−

rc

r
ph
+

r+

0

−r
ph
−

−rc

−r
ph
+

−r+

m 2m 3m 4m 5m

K

Solution: photon orbits are unstable — use a radial (Morawetz) vector
field A = F∂r to exploit the drift away from the photon sphere
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The Kerr wave operator

� = Σ�g = ∂r∆∂r +
1
∆
R

where �g = ∇α∇α, and R = R(r , E ,Lz ,Q) = R(r , ∂t , ∂φ,Q) is

R = −(r2 + a2)2∂2
t − 4aMr∂t∂φ + ∆Q + (∆ − a2)∂2

φ (1)

Here Q is the (modified) Carter operator:

Q =

(
1

sin θ
∂θ sin θ∂θ

)
+ cot2 θ∂2

φ + a2 sin2 θ∂2
t

See from this: ∂t , ∂φ,Q commute with �
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Symmetries and hidden symmetries

A Killing field ξ is a symmetry of the wave operator [Lξ,�g] = 0

Minkowski: Poincaré Lie algebra so(3,1) ⋉ R4, conformal
symmetries (dilation, K)

Schwarzschild: ∂t , so(3) — conserved quantities E ,Lx ,Ly ,Lz

Kerr: ∂t , ∂φ — conserved quantities E ,Lz ,Q
The Carter constant Q = Qαβ γ̇

αγ̇β does not correspond to a
Killing field

The presence of Q allows the geodesic equations on Kerr to be
separated.

The second order operator Q = ∇αQαβ∇β commutes with the
wave operator [Q,�g ] = 0 ↔ hidden symmetry

Lars Andersson (AEI and UM) Hidden symmetries Greifswald July 09 17 / 41
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Remarks

Kerr admits a Killing tensor Qαβ = Q(αβ), ∇(αQβγ) = 0.
Qαβ is related to

Killing-Yano 2-form Kαβ = K[α,β], ∇(αKβ)γ = 0
Killing spinor KAB , ∇A(A′KBC) = 0.

Q,K are related to symmetry operators:
Q = ∇αQαβ∇β with [�g,Q] = 0,
K = iγ5γ

µ(Kµ
ν∇ν − 1

6γ
νγλ∇λKµν), with [D,K ]+ = 0

For the spin-s field equation (eg. s = 1 Maxwell, s = 2 Linearized
Einstein), the extreme spin scalars solve the spin-s equation

�sψ
(s) =

[
(∇µ + sΓµ)(∇µ + sΓµ) + s2ΨA

2

]
ψ(s)

(here Γµ is a certain “connection vector”).
(Σ�s)ψ

(s) = 4πΣT is the Teukolsky Master Equation (TMEs) for
spin s. In particular �u = 0 is precisely the s = 0 vacuum TME.
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Remarks

Teukolsky (Teukolsky, 1972) noted that the Carter constant allows
to separate the TME into radial and angular equations for a
separated wave form ψ(t , r , θ, φ) = e−iωteimφR(r)Y (θ)

The TMEs has a long-range potential → difficult to analyze

Whiting (Whiting, 1989) proved boundedness for the separated
wave forms.

For Maxwell on Schwarzschild, the spin-zero component φ1

solves the wave equation

�g(rφ1) +
2M
r3 (rφ1) = 0

(Blue, 2008) proved boundedness and decay for Maxwell starting
from this equation.
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Canonical analysis

Let µ = sin θ. Then
√−g = Σµ, and

� =
Σ√−g

∂α

(
gαβΣ

√−g
Σ

∂β

)
=

1
µ
∂α(Gαβµ∂β)

with Gαβ = gαβΣ

�u = 0 is the E-L equation for S =

∫
Ldµ =

1
2

∫
Gαβuαuβdµ

Canonical energy-momentum tensor:

T α
β =

∂L
∂(uα)

uβ − Lδα
β = uαuβ − 1

2
uγuγδ

α
β

Momentum vector:

Pα = T α
βXα + quαu − qαu2/2

(q-terms control uγuγ in bulk ∂αµPα )
Lars Andersson (AEI and UM) Hidden symmetries Greifswald July 09 20 / 41
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Canonical analysis
Energy:

E(t) = −
∫

Mt

P0dµ

Conservation law:

E(t1)−E(t0) = −
∫

M×[t0,t1]
∂α(µPα)

Mt0

Mt1

∂αµPα

n

Bulk:

1
µ
∂α(µPα) = �uuβξ

β + T µ
νξ

ν
µ − 1

2
1
µ
ξγ∂γ(µGαβ)uαuβ

+ qu�u + quαuα − �qu2/2
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Trapping in Kerr
R is the potential for null
geodesics

The photon sphere is given by

R = 0,
∂R
∂r

= 0

F ∂R
∂r

Bulk term for A must be positive. Contains terms of the form FR′,

need −F ∂R
∂r

≥ 0 ⇒ F changes sign at photon orbits

But R = R(r , E ,Lz ,Q) ⇒

location of photon orbits depends on E ,Lz ,Q

⇒ A must be generalized vector field

A = F(r ,E ,Lz ,Q)∂r
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Generalized momentum

S2 = {∂2
t , ∂t∂φ, ∂

2
φ,Q} — 2nd order symmetry operators.

If �u = 0, then �Sau = 0 for Sa ∈ S2

Given T [u]αβ , by polarization define T [u, v ]αβ.

Generalized vector field ξabβ = ξ(ab)β

Generalized momentum

Pα[u, ξ] = T α
β[Sau,Sbu]ξabβ+qab(Sau)α(Sbu)−1

2
(qab)α(Sau)(Sbu)
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Cut and paste energy

∂t fails to be timelike in ergoregion r+ ≤ r < re.
Use a time-like “almost Killing field”

Tχ = ∂t + χ∂φ

where χ is a cutoff function. Want Tχ is timelike for r > r+.
Choose χ so that χ(r+) = ωB = a

r2
++a2 and suppχ′ ⊂ [r1, r2],

χ(r2) = 0. Choose [r1, r2] well outside the photon sphere.

r+
re r1 r2

χ

photon sphere

Then Tχ is tangent to the horizon at r = r+ and timelike for r > r+
for small a and suitable r1, r2.
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Cut and paste energy

ETχ
= −

∫
Mt

P0dµ = −
∫

Mt
T 0

βT β
χ dµ satisfies

|ETχ
(t1) − ETχ

(t0)| ≤ Ca
∫

M×[t0,t1]
1[r1,r2]∆uφurdµ

Aim for
|ETχ

(t1) − ETχ
(t0)| ≤ Ca(ETχ

(t1) + ETχ
(t0))

this gives

ETχ
(t1) .

(
1 + Ca
1 − Ca

)
ETχ

(t0)

To prove such an energy bound, dominate Tχ bulk by Morawetz
trapping A bulk.
Must work in terms of higer order energies and generalized vector
fields.
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Generalized A

A = SaFab∂r Sb, Sa ∈ S2

q = F ′/2 − 1
2Fz−1z′

If �u = 0, for suitably chosen F ,

1
µ

(∂αµPα) = Aab(Sau)′(Sbu)′+Uabαβ(Sau)α(Sbu)β+Vab(Sau)(Sbu)

where

Aab = A(aLb)

Ubcαβ = Ua(bLc)Sαβ
a

Vab = V(aLb)
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Generalized A

The quadratic form term Uabαβ(Sau)α(Sbu)β is explicitly
non-negative modulo timelike boundary terms B.

Positivity of the A bulk reduces for small a to the Hardy estimate
∫

∞

r+
(Au′2 + Vu2)dr ≥ 0

where

A = M
(r − 2M)2

r2 , V =
M
6

54M2 + 9r2 − 46Mr
r4
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Generalized A

After substitutions u = vA−1/2, r = r+ + x , and setting M = 1, this
is equivalent to asking whether the equation

v ′′ +
9x2 − 34x − 2
6x2(x + 2)2 v = 0

has a positive solution on x > 0. This is Gauss’ hypergeometric
equation of the first type!

x
20 40 60 80 100

y

K40

K20

0

20

40
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Generalized A
Solutions are

v1 = (x + 2)−
3
2

√
2+ 1

2 x
1
2 + 1

6

√
2
√

3
2F1([n1,1, n1,2], [d1,1],−x/2)

v2 = (x + 2)−
3
2

√
2+ 1

2 x
1
2 −

1
6

√
2
√

3
2F1([n2,1, n2,2], [d2,1],−x/2)

where 2F1 is Gauss’ hypergeometric function, and

n1,1 =
1
6

(−9 +
√

3)
√

2 +
1
2

+
1
2

√

7,

n1,2 =
1
6

(−9 +
√

3)
√

2 +
1
2
−

1
2

√

7

d1,1 = 1 +
1
3

√

2
√

3

n2,1 =
1
6

(−9 −

√

3)
√

2 +
1
2

+
1
2

√

7,

n2,2 =
1
6

(−9 −

√

3)
√

2 +
1
2
−

1
2

√

7

d2,1 = 1 −
1
3

√

2
√

3

One shows v1 is positive.
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Remarks

Necessary to work with higher order energies ETχ
[Sa · · ·Sbu]

Lz = 0 mode needs special treatement

Boundary terms from A bulk contain lower order terms (involving
q) which need to be handled using a Hardy type estimate.

Once we have the trapping estimate, the dispersive estimate
(decay) can be done analogously to the Schwarzschild case.

There is a loss of derivative due to the degeneracy of the
quadratic form term in the Morawetz A bulk at the photon sphere
(also present in Schwarzschild)
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K vector field

Tortoise coordinate dx =
(r2 + a2)

∆
dr , x |r=3M = 0

K vector field

K =
1
2
(t2 + x2 + 1)T⊥ + txÑ2∂x

where T⊥
∼= ∂t + ω∂φ, ω = 2aMr

Π , Ñ2 = (r2+a2)2

Π

Conjugated wave ψ = (r2 + a2)1/2u
K bulk term has bad sign in a region r0 ≤ r ≤ r1

Cutoff, higher order Morawetz A2 = t2χ(t/x)A controls K bulk

bad sign
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Remarks

K-energy controls t2ETχ
in the interior of the light cone |x | ≤ t/2

so bounding K-energy gives 1/t decay of local energy.
In Kerr we have a loss, get

local energy ∼ t−1+Ca

To get decay at I and the horizon, integrate these estimates along
horizon and I penetrating foliations to show that local decay
implies global decay.
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Remarks

For near horizon decay, use coordinates with correct angular
behavior up to horizon: (t , x , θ, ϕ), with ϕ = φ− ωHt

almost null coordinates v± = t ± x

Conjugated wave operator −4∂+∂− + ∆
(r2+a2)

Z

integrate ξ = (∂−ψ)dv− over “angular slice”, use Stokes and
estimate surface integral.

H

∂+

∂−

(t , x)

Ω(t,x)
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Remarks

For far decay, r > 3M, use K-energy on almost null slicing

v± = t ± y

with dy = hdx , h ∼ 1 − C/r2

Final form of the estimate (as in Schwartzschild, with loss),

|u| . I〈v+〉−1+Ca, for r ≤ 3M

|u| . I
〈v−〉Ca

r

(
v+ − |v−| + 1
v+(1 + |v−|)

)1/2

, for r > 3M

|u| . I
1

t1−Ca
, for stationary regions

where I is a constant depending on the initial data.
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Concluding remarks

Significant progress has been made in numerical and analytical
studies of the global properties of black hole spacetimes
However, the main problems are still open:

Cosmic censorship
Uniqueness of Kerr
Stability of Kerr

We expect the methods presented here generalize to
Maxwell
Linearized gravity

on Kerr, and to be useful for analyzing stability of Kerr under small
nonlinear perturbations
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