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1 Brief motivation

The action functional of the Standard Model:

Lsrym = / Loy dvoly (1)
M
whereby
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This Standard Model Lagrangian can be described in terms of a

specific class of Dirac operators:

@5 _ED
ED — ) (2)
7 D

defined on the doubling
(CE=EBE T =T 0T, 2 =% B %) — (M, gu) (3)
of a Zs—graded Clifford module
(E=ETDE %) — (M, gn). (4)
Here,

D =1f + 7 0 ¢ (5)

belongs to the distinguished class of simple type Dirac operators.



In fact, when evaluated with respect to (2), the Dirac action:

To vor: D(26) x Gec(M, %) — C

. 1) /M*<<\If, PO, + try (curv(D) — evy(wi2))), (6)

decomposes into the various parts of the Standard Model action,
including gravity described in terms of the Einstein-Hilbert
functional. In particular, the fermionic part of the total Dirac
action reduces to the fermionic part of the STM action:

/M<\Ijv %\I}>25 dvoly = /M W, (7’@ + ¢5)¢>€ dvoly , (7)

provided the sections ¥ € Gec(M,%E) on the doubled Clifford module
are restricted to diagonal sections ¥ := 24 = (1,) and the
sections ¢ € Gec(M, E) are restricted, furthermore, to the physical

sub-module &,,. — & — M of the underlying Clifford module.




Basic Question:
What is the geometric structure, which underlies Pauli type Dirac

operators:

(%€, ", 7)) (8)



An answer is provided by a careful analysis of the algebraic and

geometric structure of the Dirac equation and the Majorana

equation:
. iﬁXR — MpXwu,
idx = mpX And , (9)
/L@XL = MpXr >
. cc Z&XR — mMX(f:{C y
idx = muX <~ , (10)
Z@XL = MuX5, s

where, respectively, xr, X1 are the “chiral” eigen states: x = xr + Xv,
mp 1s the “Dirac mass”, my the “Majorana mass” and “cc”’ has the

physical meaning of “charge conjugation”.



2 Real Clifford modules and the Pauli

map

2.1 Some general facts:

Let (E=ET®E,v:) — (M, gy) be a general Clifford module
with an odd Clifford mapping:

k(@) = e gula, a)ide (11)
for all « € T*M. It follows that
e Canonical one-form: e 'L c ek @qe(er) € QL (M, End™ (€));

= exto : Q°(M,End*(&)) — QYM,EndT(&))
¢ — OAND, (12)



right-inverse of the “quantization map”:

0yt Q°(M,End(€)) — Gec(M,End(€))

wex = %(og (W)ox. (13)

e Clifford connections:
Aci(€) :=={0, € A(£) 0,0 =0} . (14)
e First and second order decomposition:

D = @+, (15)
D® = Ng+ V. (16)

Here, respectively, @ = J., o ds is the quantization of the
Bochner connection g; € A(£) that is uniquely defined by D



2eu,(df, ) = & ([P, ) — 4df ), (17)

for all f € C*°(M) and ¢ € Gec(M,E); Ag := cey,(0s 0 Gs) is the
corresponding Bochner-Laplacian (or “trace/connection
Laplacian”).

e Dirac connections:
Opb = G+ wp, (18)
wp = extg(Pp) Dirac form, (19)
whereby @ =4, 00, = D.
e The Dirac-Lagrangian:
xLn = tr.l

= try (curv(P) — eevg(wy)) + divéy, . (20)
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Here, & := —¢ trgw% € Gec(M,TM) is the Dirac vector field
and

curv(l) = 0, A Oy, € Q*(M,End(€)) (21)

is the curvature of the Dirac operator ) € D(£) and
tr, = tr; 09, is the “quantized trace”.

Dirac operators of simple type:

D=3 +%od, (22)
where ¢, € Sec(M, End_ (£)).
Yang-Mills-Higgs connections:

ﬁYMH = @A + Py ’ (23)
where &, € Sec(M, End, (£)).
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They have the property that the corresponding Dirac connections
read:

Op = 0O +0OAND,
Oy + ¢,0
Oyt - (24)

Higgs gauge potential: H := &,0 € QY(M,End™ (£)).

2.2 Real Clifford modules:

2.2.1 Majorana modules:

Definition 2.1 A Hermaitian Clifford module is called a “real
Zio—bi-graded Hermitian Clifford module” (“real Clifford module” for
short), if it is endowed, in addition, with a C—linear involution T,

making £ = ET G E~ — M Zo—graded, and a C—anti-linear
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involution J., making £ = M, ® C — M real, such that

Te © 78(&) — _,78(04) ©Te,
Jor(a) = Ex(a)ol,
JeoT: = ETz0J,
(F(2), Le(w)e = Hw,2), (25)

for all o € T*M and z,w € £.

In particular, a real Clifford module is called a Majorana module,

provided that

JooTe=—-T0J. (26)
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2.2.2 Dirac modules:

Definition 2.2 A real Clifford module

(S (s )sy 755 %, Js) (27)

15 called a Dirac module, provided there is a Majorana module
(W, (5 s Tows Bovs ) over (M, gy, such that

S = W=weC?, (28)
s = idy, ® 7, (29)
Vs = Tw ®&, (30)
Js = Jy®s,, (31)

<<U1 ), (Uz >> = <U1,’l}2>w + <’U1,’LL2>W , (32)
1 V2 S

13



depending on whether (Jyy,(w), Jyy (V) = (v, u)y, for all u,v € W.

Here, 1, € C(2) and %, &, I, € C(2) denote, respectively, the
two-by-two unit matrix and

T, = .y = . I, = : (33)

2.3 The Pauli map:

Let

(7)7 <°7'>7377_737/7737JP) (34)
be the doubling of the real Clifford module (&, (-, )¢, %, %, J: ). That

is,

P = % =£xC?, (35)
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(e = (e + (o)) s (36)
T = EQn, (37)
Y = %®L, (38)
b = LQs, (39)

The Pauli module:

i)

whoses complexification VE may be identified with the diagonal

3“565}r>73 M, (40)

embedding
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Proposition 2.1 The most general real Dirac operator on P = 2E

reads:

D, e — F
_ | 42
Pr be +E P )

Here, respectively, ID. € D(E) is any Dirac operator on € — M and

(CSC — +¢57
E o= -F (43)

are general sections of Endt () — M.

Dirac operators of Pauli type: Let [D. € D(£) be real.

o ng L
P, = £ D (44)
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with % being defined by the (relative) curvature of ), :

E =F = y(curv(D.) — Riem(gu))
= if . (45)

Note that . € Gec(M,End™ (£)) is even and real for real (or
imaginary) Dirac operators D, € D(£). Whence, = —F.

Definition 2.3 Let (£, (-, )e, T, %, Je) be a real Clifford module
bundle over (M, gy) such that ~¢ is real. Also, let D.,.(E£) C D(E) be
the (affine) set of real Dirac operators acting on Sec(M,E).

The Pauli map s defined by

Po Dreal(g) — Dreal(P)
p -~ 1 (46
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The two fermionic functionals:

Totom - Gec(M,E) xD(E) — C

6.D) /w,ngwgdvozm (47)

Z/

D,ferm

M

. Gec(M,E) xD(E) — C

6.D) /M<2w,£;fw>pdvon (18)

contain the same information, actually:

However, a simple type Dirac operator

ﬁg —
£

is not real, in general.

@ + T¢ O ¢D
D (49)
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3 Dirac modules, the Pauli map and the

STM action

Let S — M be a Dirac module and

<.’.>g

Te

e

Je

Ts T,
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= §=8xC?,
%(<7 '>S + <'7 >8) )



Theorem 1 The most general real Dirac operator of simple
type, acting on Gec(M,E =28), explicitly reads:

ng — @\—FTqubg, (55)
whereby @ == @, © P, is the real form of P, and

:|: cc
d = Xs b5 | (56)
—¢s  FXs

depending on TS = £7s, ¢s € Gec(M, End;“(S)) reads:

¢ X{s‘+7-8057(0-8)7 fOT /7‘;6:—1_787
S

]
—~

&)

-3
~—

Ts O fy + 5’)/(0-8) , for Vs = Vs s

with py, Xs € Q°(M,End} (S)), xs € Q°%(M,End’ (S)) and
os € Q' (M,End; (S)).
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Theorem 2 Let VW — M be a Majorana module, such that
v = —%y. Also, let Oyyy € AW) be a Yang-Mills-Higgs connection
and @ .. = 00 0yyy = @, +1p,. Consider the real Dirac operator of

simple type, called Dirac-Yukawa-Majorana operator:

D= htipn i
—ipy (P, +ipn)”
= @\ + Uy € real(g) - (58)

Here, respectively,

= 009 €D.ul) (59)

is the real form of @, € D(S) and the Majorana mass operator
€ QY (M, End;r(S)) is real and p, € Q°(M,End’ (S)) is the Dirac
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mass operator that is defined by the simple type Dirac operator

0 @_i@D

) i ) e D(S). (60)

D+ ipp =

The Euler-Lagrange equations of the fermionic part of the Dirac

action:

[ (0 PP A+t (uro(RuD,,)) ey (2) dvls, (61

read:

Py = ppth+ (62)
(i)~ P + ) (63)
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When restricted to 159 = 1, these equations become equivalent to:

, iy = mp, U+ my v
WX = ©oX +mux” & . 7 " (64)
e = @p.€
(DX)° = ©px™ +mux, (65)

whereby x = (v,e) € Sec(M, W =W, ® W.) and the splitting is
defined by the kernel of the real and constant Majorana mass
operator m, € Gec(M,End} (W)).

The bosonic part of the Dirac action (61) reads:

/M [tr'Y(CUT/U(PD( @\))) + a; trg(EQ) + a9 &‘trg (@4 :LLYM)Q

— ag tIg (:UJZ}L/M) — Qg trg (M?/M)] dvoly, (66)

with a; = (n —3), ag = 2(n — 2)(2=21)%, az = 282" gy = 2.

n
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Furthermore,

—4Retr,(Ospn. ), (67)

try (O MYM)2
atrspy,, + trps, = 4Re(atny, o, — thy@n. 4+ Apu,) ,  (68)

whereby a = 2 (”_21)3 and

n

4
D,

4 2

_ 2
Aoy, = atn, m; — try, my, + aty,, m,,  —tn,, m;,

— 20ty (Mp, 0 My, (69)

18 the “true cosmological constant”, which naturally occurs in the
Einstein-Hilbert action when Majorana masses are taken into account

within the geometrical frame of Dirac type gauge theories.

Conclusion:
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“BE WISE, DO It TWICE” (at least)

Thank you!

25



