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How Isaac Newton found the gravitational law?
Isaac Newton in Philosophiae Naturalis Principia Mathe-
matica suggested the following strategy to study nature:

I one needs to understand the mathematical model
describing the situation, and then

I �nd the parameters in the model using
experiments or observations.

Example:
Gravitational Law:

r

From the Newton's third law and general sense it
is clear that the gravitational force between two
bodies is proportional to the masses of the bodies
and depends on the distance between the bodies:
F = F1 = F2 = m1m2 � f (r ). How to �nd f ?

Newton tried di�erent functions forf and solved the equa-
tions of motion. He proved that for the functionf (r ) = G

r 2

the trajectories of the planets are ellipses which was ob-
served by Kepler. Then, he concluded that the function
f (r ) is indeed G

r 2 , i.e., F = F1 = F2 = G m1m2
r 2 .
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The model is known since Einstein: the structure of the
vacuum space-time is given by a solution of the Einstein
equationsRij = R

n gij .
In many cases, the only objects one can observe are geo-
desicsconsidered as unparameterized curves(since there
is no notion of absolute time).
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O b s e r v e r  N  1

O b s e r v e r  N  2
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In many cases, the only thing one can get by observations
are unparametrised geodesics

If one can not register a periodic process on the observed
body, one can not get the own time of the body

T h i s  s i t u a t i o n  i s  e x t r e m e l y   r a r e   
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t h e  l i g h t  r a y  t o  t h e  b o d y  

a n d  t o  r e g i s t e r  e c h o  - -  a l s o  p o s s i b l e  v e r y  r a r e l y   

o b s e r v e r  s h o o t s  
w i t h  l i g h t  i n  o b j e c t s  

a n d  r e g i s t e r  e c h o  

e c h o  

w o r l d  l i n e  o f  
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Question to answer

(H. Weyl 1931): Could two 4-dimensional Einstein metrics of
Lorenz signature havethe same geodesics considered as unpara-
meterized curves?

J•urgen Ehlers 1972 We reject clocks as basic tools for setting
up the space-time geometry and propose ... freely falling partic-
les instead. We wish to show how the full space-time geometry
can be synthesized ... . Not only the measurement of length but
also that of time then appears as a derived operation.
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Def. Two metrics (on one manifold) aregeodesically equivalentif
they have the same unparameterized geodesics (notation:g � �g)
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kes geodesics of the sphere to geo-
desics of the plane,
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Def. Two metrics (on one manifold) aregeodesically equivalentif
they have the same unparameterized geodesics (notation:g � �g)
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f(X)
X

Radial projectionf : S2 ! R2 ta-
kes geodesics of the sphere to geo-
desics of the plane, because geode-
sics on sphere/plane are intersecti-
on of plains containing 0 with the
sphere/plane.
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Examples of Dini 1869

Theorem (Dini 1869) The metric
(X (x) � Y (y))( dx2 + dy2)

is geodesically equivalent to
�

1
Y (y) � 1

X (x)

� �
dx2

X (x) + dy2

Y (y)

�
; (if

they have sense).

Moreover, every two nonproportional Riemannian geodesically equivalent
metrics on the surface have this form in a neighbourhood of almost every
point.

Levi-Civita 1896:
The metrics of Dini can be generalized for
every dimension.

In the pseudo-Riemannian case there exist
other examples (the complete description in
dim 2 is due to Bolsinov, Pucacco, M� 2008;
for other dimensions is joint project with Bol-
sinov)
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Theorem 1 (Kiosak, M � 2009): 4� dim Einstein manifolds
are geodesically rigid: Let (M 4; g) be a pseudo-Riemannian Ein-
stein manifold of nonconstant curvature. Then, every�g geodesically
equivalent to g has the same Levi-Civita connection with g.

It was a popular subject; partial cases of Theorem 1 were proved by
Weyl 1921, Couty 1961, Petrov 1963, Ehlers 1972{1977, Mikes 1982,
Barnes 1993, Hall (-Lonie) 1995{2007, Kiosak 2000,
Mikes-Kiosak-Hinterleitner 2006.

Remark 1. If there exists an open subsetU � TM
� such that it is su�cient big: for everyx 2 M we haveTxM \ U 6= ;
(for example, the set of all time-like vectors is su�ciently big),
�� such that everyg-geodesic
 with _
 (t0) 2 U is a reparametrized
�g-geodesic,
Then the metricsg and �g are geodesically equivalent.

Remark 2. Actually, we can prove more: if a metric is close in the
C6-topology to a Einstein 4-dimensional metric of nonconstant curvature,
then it admits no nontrivial geodesic equivalence
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Main Theorem 2

Theorem 1 is very nontrivial and fails in dimension� 5: there exist
counterexamples. Thought the metrics in the counterexamples are not
complete:

Theorem 2 (Kiosak, M � 2009:) n� dim complete Einstein
manifolds are geodesically rigid:
Let (M n; g) be acompletepseudo-Riemannian Einstein manifold of
nonconstant curvature. Then, everycomplete�g geodesically equivalent
to g has the same Levi-Civita connection with g.
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Remark. One can actually �nd the arti�cial unknown� in the terms of
g and �g: indeed, contracting (� ) with respect toi and j , we obtain
�� a

ai = � a
ai + ( n + 1) � i .



Proof of main Theorems: reformulaition as PDE

Folklor (Levi-Civita 1896): Two symmetric a�ne connections � and��
have the same (unparameterized) geodesics, i� there exists a 1-form�
such that
�� i

jk = � i
jk + � j � i

k + � k � i
j (� )

Then, all metrics geodesically equivalent to a connection� are solutions
of the systemh

@
@k �gij � �gi a� a

kj � �gj a� a
ki

i
� � i �gkj � � j �gki � 2� k �gij = 0

on unknowns �gij and � i . The system is nonlinear and
contains an artificial unknown � i

Remark. One can actually �nd the arti�cial unknown� in the terms of
g and �g: indeed, contracting (� ) with respect toi and j , we obtain
�� a

ai = � a
ai + ( n + 1) � i .

Using that for the Levi-Civita connection � of a metricg we have
� a

ai = 1
2

@log(jdet(g)j )
@xi

, we get� i = 1
2(n+1)

@
@xi

log
� �

�
� det(�g)

det(g)

�
�
�
�



Proof of main Theorems: reformulaition as PDE

Folklor (Levi-Civita 1896): Two symmetric a�ne connections � and��
have the same (unparameterized) geodesics, i� there exists a 1-form�
such that
�� i

jk = � i
jk + � j � i

k + � k � i
j (� )

Then, all metrics geodesically equivalent to a connection� are solutions
of the systemh

@
@k �gij � �gi a� a

kj � �gj a� a
ki

i
� � i �gkj � � j �gki � 2� k �gij = 0

on unknowns �gij and � i . The system is nonlinear and
contains an artificial unknown � i

Remark. One can actually �nd the arti�cial unknown� in the terms of
g and �g: indeed, contracting (� ) with respect toi and j , we obtain
�� a

ai = � a
ai + ( n + 1) � i .

Using that for the Levi-Civita connection � of a metricg we have
� a

ai = 1
2

@log(jdet(g)j )
@xi

, we get� i = 1
2(n+1)

@
@xi

log
� �

�
� det(�g)

det(g)

�
�
�
�

= � ;i for the

function � : M ! R given by� := 1
2(n+1) log

� �
�
� det(�g)

det(g)

�
�
�
�

:



One more important observation:

As we explained above, the following two equivalent statements are
de�nitions of geodesic equivalence:



One more important observation:

As we explained above, the following two equivalent statements are
de�nitions of geodesic equivalence:

I for every parametrized geodesic
 (� ) of ��, there exists a function
� (t ) such that the curve
 (� (t )) is a parametrized geodesic of �.



One more important observation:

As we explained above, the following two equivalent statements are
de�nitions of geodesic equivalence:

I for every parametrized geodesic
 (� ) of ��, there exists a function
� (t ) such that the curve
 (� (t )) is a parametrized geodesic of �.

I �� i
jk = � i

jk + � j � i
k + � k � i

j (� )



One more important observation:

As we explained above, the following two equivalent statements are
de�nitions of geodesic equivalence:

I for every parametrized geodesic
 (� ) of ��, there exists a function
� (t ) such that the curve
 (� (t )) is a parametrized geodesic of �.

I �� i
jk = � i

jk + � j � i
k + � k � i

j (� )

Natural questions: How � and � (t ) are related?



One more important observation:

As we explained above, the following two equivalent statements are
de�nitions of geodesic equivalence:

I for every parametrized geodesic
 (� ) of ��, there exists a function
� (t ) such that the curve
 (� (t )) is a parametrized geodesic of �.

I �� i
jk = � i

jk + � j � i
k + � k � i

j (� )

Natural questions: How � and � (t ) are related?

Answer (Levi-Civita 1896): � a _
 a = 1
2

d
dt

�
log

� �
� d�

dt

�
� �� :



Naive trick that works:



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij .



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .

Now we di�erentiate (� ) two times w.r.t. all variables and consider the
derivatives as new unknowns:



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .

Now we di�erentiate (� ) two times w.r.t. all variables and consider the
derivatives as new unknowns:

Initial equations after one di�erentiation after two di�erentiations

Number of unknowns n(n+1)
2 + n2(n+1)

2

Number of equations n2(n+1)
2



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .

Now we di�erentiate (� ) two times w.r.t. all variables and consider the
derivatives as new unknowns:

Initial equations after one di�erentiation after two di�erentiations

Number of unknowns n(n+1)
2 + n2(n+1)

2 + n2(n+1) 2

4

Number of equations n2(n+1)
2 + n3(n+1)

2



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .

Now we di�erentiate (� ) two times w.r.t. all variables and consider the
derivatives as new unknowns:

Initial equations after one di�erentiation after two di�erentiations

Number of unknowns n(n+1)
2 + n2(n+1)

2 + n2(n+1) 2

4 + n2(n+1) 2(n+2)
12

Number of equations n2(n+1)
2 + n3(n+1)

2 + n3(n+1) 2

4

We see that (forn � 3) the total number of unknowns,
n(n+1)

2 + n2(n+1)
2 + n2(n+1) 2

4 + n2(n+1) 2(n+2)
12 = n(n+1) 2(n+2)( n+3)

12 of our
linear system ofalgebraic equations , is less than the number of
equations,n2(n+1)

2 + n3(n+1)
2 + n3(n+1) 2

4 = n2(n+1) 2(n+2)
4 :



Naive trick that works:

We consider the PDE-systemh
@

@k �gij � �gi a� a
kj � �gj a� a

ki

i
� � i �gkj � � j �gki � 2� k �gij = 0 ( � ).

We think that � and � are known and therefore the PDE is a system of
n2(n+1)

2 of LINEAR PDE of �rst order on the n(n+1)
2 unknown functions

�gij . As we explained above, every �g geodesically equivalent tog is a
solution of such PDE-system for a certain� .

Now we di�erentiate (� ) two times w.r.t. all variables and consider the
derivatives as new unknowns:

Initial equations after one di�erentiation after two di�erentiations

Number of unknowns n(n+1)
2 + n2(n+1)

2 + n2(n+1) 2

4 + n2(n+1) 2(n+2)
12

Number of equations n2(n+1)
2 + n3(n+1)

2 + n3(n+1) 2

4

We see that (forn � 3) the total number of unknowns,
n(n+1)

2 + n2(n+1)
2 + n2(n+1) 2

4 + n2(n+1) 2(n+2)
12 = n(n+1) 2(n+2)( n+3)

12 of our
linear system ofalgebraic equations , is less than the number of
equations,n2(n+1)

2 + n3(n+1)
2 + n3(n+1) 2

4 = n2(n+1) 2(n+2)
4 : Then, the

coe�cients of our system (which are expressions in �,� i , and their �rst
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Corollary Suppose� satisfy the PDE(�� ). Then, along every light-line
geodesics
 (t ) the following ODE holds:

...
� = 6 _� •� � 4( _� )3:

Proof: contracting (�� ) with _
 i _
 j _
 k and using gij _
 i _
 j = 0 we obtain the
desired equality.
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0 + x2
0

P
ij gij dxi dxj ) is not decomposable.
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 we have� (
 (t )) = const2s2 + const1s + const0. Since the
manifold is closed, the function� is bounded, andconst2 = const1 = 0,
implying � = const0
May be there are other applications of the same trick?
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where W is the projective Weyl tensor. Moreover, W has typeN in
Petrov classi�cation.

If W � 0, the condition (�� ) bears no information { but ifW � 0, the
metric has constant curvature.

In dimension 4, in lorenz signature, (�� ) is a very strong linear algebra
restriction to the metric:

Lemma (Hall-(Lonie) 2009) If W 6= 0, has Petrov typeN,
and �g satis�es (�� ), then �g ij = � (x) � g ij + v i v j for a certainv.

Proof of Theorem 1. The last formula is an Ansatz for �g,

substituting it in
�

@
@k �gij � �gi a� a

kj � �gj a� a
ki

�
� � i �gkj � � j �gki � 2� k �gij = 0

we obtainv = 0,
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Theorem 4 (Kiosak, M � 2009) Let g be a complete
Riemannian or pseudo-Riemannian metric on a connectedM n� 3.
Assume that for every constantc 6= 0 the metric c � g is not the
Riemannian metric of constant curvature +1.
If the degree of mobility of the metric is� 3, then every complete

metric �g geodesically equivalent tog has the same Levi-Civita
connection withg.

In other words, if we have a complete metrics with the degree of
mobility � 3, then every complete metric geodesically equivalent to
it has the same Levi-Civita connection withg.
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Lichnerowicz-Obata-Solodovnikov conjecture

Question: Schouten 1924:

List all complete metrics admitting complete pro-
jective vector �eld

Conjectured Answer: Lichnerowicz-Obata-Solodovnikov
(50th):

Let a complete manifold (of dim� 2) admit a com-
plete projective vector �eld. Then, the manifold is
covered by the round sphere, or the vector �eld is
a�ne.
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Solodovnikov (1956) proved the
conjecture assuming that all ob-
jects are real analytic and that
n � 3.

Proved in the Riemannian case in 2007 M�

Partial results on projective transformations ofpseudo-Riemannian
metrics: Barnes 1993, Hall 1998{2009

Corollary 1 from Theorem 4: L-O-S conjecture is true also in the
pseudo-Riemannian case under the additional assumption that the degree
of mobility is � 3 and dim(M) � 3.

Corollary 2 from Theorem 4: For (M n� 3; g) such thatconst� g is not
the Riemannian manifold of constant positive curvature we have
dim(Proj(M; g)) � dim(Hom(M; g)) � 1, where Proj is the Lie group of
projective transformations, and Hom is the group of homotheties.



Let us mimic the Riemannian proof in the
pseudo-Riemannian situation

T w o  c a s e s  i n  t h e  
P r o o f  o f  L - O - S
C o n j e c t u r e

u n d e r  t h e  a s s u m p t i o n  
t h a t  t h e  d e g r e e  o f  
m o b i l i t y  = 2   

u n d e r  t h e  a s s u m p t i o n  
t h a t  t h e  d e g r e e  o f  
m o b i l i t y  > 2 :   

D o n e  b y  T h e o r e m  4  
( C o r o l l a r y  1 )

A n o t h e r  g r o u p  
o f  m e t h o d s  w o r k s ;  
s t i l l  t o  b e  d o n e  i n  t h e  
p s e u d o - R i e m a n n i a n  
c a s e .  J o i n t  p r o j e c t
w i t h  B o l s i n o v  
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2 + n2(n+1)

2 + n2(n+1) 2

4 + n2(n+1) 2(n+2)
12
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2 + n3(n+1)

2 + n3(n+1) 2

4

We get a huge system of linear equations on the unknowns; the number
of equations is bigger than the number of equations
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� = 6 _� •� � 4( _� )3:
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Continuing as in proof of Theorem 2, we prove Theorem 4.


